Abstract: Third-order nonlinear processes require phase matching between the interacting fields to achieve high efficiencies. Typically in guided-wave χ (3) platforms this is achieved by engineering the dispersion of the modes through the transverse profile of the device. However, this limits the flexibility of the phase matching that can be achieved. Instead, we analyze fourwave mixing in a pair of asymmetric waveguides and show that phasematching may be achieved in any χ (3) waveguide by coupling of a nondegenerate pump from an adjacent waveguide. We demonstrate the additional flexibility that this approach yields in the case of photon-pair generation by spontaneous FWM, where the supermode dispersion may be modified to produce pure heralded single photons -a critical capability required for example by silicon platforms for chip-scale quantum photonics.
Introduction
Photon-pair generation by parametric nonlinear frequency conversion requires phasematchingcontrolling phase velocity so that the sums of the wave-vectors of the pump and photon-pair fields are equal. Early experiments in birefringent nonlinear crystals achieved phasematching by angle tuning [1, 2] but the same technique cannot be used in modern guided-wave nonlinear devices that exploit either χ (2) or χ (3) nonlinearity. In second-order nonlinear interactions it is common practice to achieve efficient conversion through quasi-phasematching (QPM) by periodically reversing the sign of χ (2) [3] . Although the resulting growth is less rapid than that obtained by perfect phasematching, the benefits of confinement to a well-defined set of spatial modes have rendered QPM highly successful in guided-wave nonlinear optics [4, 5] . Furthermore, QPM is compatible with techniques that limit spectral correlation in photon-pair sources -crucial for producing high-purity heralded single photons suitable for quantum technologies [6] . These techniques include both group-velocity matching between the pump and generated fields [7] as well as modulation of the poling period along the length of the waveguide to produce an apodised effective nonlinearity profile [8, 9] .
In contrast to second-order nonlinearity, the symmetry of third-order nonlinearity means that four-wave mixing (FWM) can take place in materials from which waveguides are commonly fabricated, for example silica optical fibre [10] and silicon photonic chips [11] . However, the invariance of χ (3) under a sign change neutralises the capability of domain reversal to influence third-order nonlinear interactions; hence it cannot be used for QPM. The phasematching conditions in waveguided χ (3) devices are therefore determined by the material and geometric contributions to the overall dispersion. Hence it is typically the waveguide dispersion that must be modified to achieve phasematching [12] .
In some situations, such as FWM in photonic crystal fibre (PCF), the flexibility afforded by engineering the dispersion of a single waveguide is sufficient to access a wide range of target wavelengths that may be far from the pump. For example, in the case of photon-pair generation with a Nd or Yb pump laser at 1064 nm one can produce signal photons at 800 nm which can be detected with high-efficiency silicon avalanche photodiodes with corresponding idler photons suitable for long-distance transmission over fibre in the telecommunication C-band around 1550 nm [13] . Similar wavelength shifts are possible using birefringence in UV-written waveguides in silica [14] . Furthermore, these systems give sufficient flexibility to allow the group velocities of the interacting fields to be manipulated, producing high-purity heralded single photons [15] [16] [17] . However in other cases, in particular integrated waveguides fabricated in silicon, there is comparatively little control that can be brought to bear on the properties of the photon pairs produced [12] . Although periodic width modulation [18, 19] , changes of direction in crystalline materials [20] , and pairs of identical waveguides [21] have been suggested for phase matching χ (3) difference-frequency generation, photon pairs are typically generated close to the pump in the anomalous dispersion regime, where the only detuning is provided by power-dependent crossphase modulation of the generated fields by the pump. Furthermore, the pairs are typically highly anti-correlated in frequency, degrading the purity of the resulting heralded single photons [22] . Micro-resonators [23] and periodically-tapered waveguides [24] have been proposed to yield greater control over the properties of photon pairs, but the resulting devices are complex to fabricate and likely to suffer from additional loss over their uniform counterparts. Symmetric directional couplers have also been studied as a method of generating entangled pairs of photons, though their spectral properties were not controlled [25] .
We propose a simple technique that offers more flexible FWM phasematching across a variety of guided-wave platforms while also offering the possibility of control over the nonlinearity profile along the device. Rather than carrying out photon-pair generation by FWM in a single waveguide, we introduce a second waveguide strongly coupled at one of two non-degenerate pump wavelengths. By tuning the amount of coupling between the waveguides we can directly control the supermode dispersion of the long-wavelength pump to achieve phasematching. Introducing asymmetry between the waveguides enables us to ensure that the coupling is strong only for the long-wavelength pump while the short-wavelength pump remains localised to a single waveguide. Hence, because photon-pairs are generated in the region of overlap between the two pumps, the asymmetry forces the generated fields to remain largely in the fundamental spatial mode of a single waveguide facilitating efficient collection. We present firstly the analysis of the general case of coupling-induced FWM, and proceed to give details of a specific design to generate photon pairs by FWM in silicon-on-insulator (SOI) waveguides. In this system we show how the supermode dispersion can be engineered to generate photon-pairs that are far detuned from the pumps and also group-velocity matched so that heralded single photons may be produced directly in pure states. Furthermore, we demonstrate that this technique maintains the exponential growth rate associated with perfect phase matching, rather than the diminished growth seen in QPM-type schemes. Finally, we discuss how our ideas could be extended to produce intensity modulation of the pump, and hence the nonlinearity, along the waveguide, thereby enhancing the purity of heralded single photons even further.
General case
We consider continuous-wave FWM in a pair of χ (3) waveguides labelled A and B, driven by two nondegenerate pump fields at wavelengths λ p1 and λ p2 where λ p1 < λ p2 . When the two waveguides are coupled we obtain two possible modes of the system at any given frequency ω j . These are known as the even and odd supermodes and have propagation constants β 
where k j = k A, j = k B, j are the modes of the isolated waveguides. κ j is the coupling constant at ω j and sets the shift in the propagation constant in one waveguide due to the presence of the other. κ j is strongly frequency-dependent, hence it can be seen that by controlling the coupling strength, for example by altering the separation of the waveguides, we can directly affect the dispersion of the supermodes, and phasematch FWM at particular wavelengths of interest. The spatial distribution of the electric field for the corresponding eigenmodes can be approximated by:
Where E A (ω, x, y) and E B (ω, x, y) is the distribution of the electric field in waveguide A and B respectively. Depending on the launch conditions it possible to excite either the even or odd supermode or any linear combination of the two. If a single supermode is excited, it will propagate through the structure with no change in intensity. However, if a linear combination of supermodes are excited, then they will beat against each other giving a sinusoidally varying field amplitude with a periodicity of 2π/κ. If for a given wavelength the coupling is very weak then the beat length can be much larger than the length of the coupled region. If in this case, light is injected into only one of the waveguides, a negligible amount of power will be transferred in to the other waveguide. Initially, we look for phasematching that will enable the spontaneous generation of signal and idler fields, λ s and λ i , where λ p1 < λ s ≤ λ i < λ p2 under the conditions that the fields are monochromatic. For each waveguide in isolation, we have the standard condition that for efficient FWM the phase mismatch ∆k must satisfy:
and we set the peak power P to be sufficiently low that the term arising from the nonlinearity γ can be neglected. We then consider two coupled waveguides sufficiently detuned from one another that we can ignore the coupling for all wavelengths other than the long-wavelength pump λ p2 (the validity of this assumption will be discussed in more detail later). A schematic is shown in Fig. 1 (a). In this case there are two possibilities to achieve phase matching:
These correspond to phasematching with the long-wavelength pump in either the even or odd supermode of the coupled system, with ∆k (+) = ∆k + κ p2 and ∆k (−) = ∆k − κ p2 . Fig. 1(b) shows an example of the phase matching that results if the two waveguides are a pair of coupled fibre cores with the same parameters as SMF28 telecoms single-mode step-index fibre. We have plotted the loci of points for the three cases: ∆k (+) = 0 (red), ∆k (−) = 0 (green), and ∆k = 0 (blue). In the absence of coupling we see that phase matching only occurs at the two pump wavelengths (recall that we have set γP ≈ 0). However, by including a small amount of coupling, in this case κ p2 = 250m −1 for the two identical fibre cores, we see that two additional b. Fig. 1 . a.) Schematic of coupling-induced FWM in a pair of waveguides. A shortwavelength pump at λ p1 is injected solely into waveguide A in which FWM takes place with a long-wavelength pump at λ p2 described by even and odd supermodes illustrated above. b.) Phase matching for coupling-induced FWM in a pair of coupled fibre cores with parameters similar to SMF28 telecoms fibre. Contours of zero phase mismatch plotted as a function of λ p1 with constant λ p2 = 1550 nm for three cases: ∆k = 0 (blue, phase matching only occurs at the pump wavelengths), ∆k (+) = 0 (red), and ∆k (−) = 0 (green). c.) Series of phasematching contours for increasing value of κ p2 for the ∆k (+) = 0 case. Increasing κ p2 causes the contours to collapse towards a single point at which degenerate pairs are produced.
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solutions arise at each pump wavelength, corresponding to equations 6 and 7. In addition, it is clear that by tuning the pump wavelength λ p1 the gradient of the phase matching contours can be adjusted. For both ∆k (+) = 0 and ∆k (−) = 0 the gradient of one contour in Fig. 1(b) is zero for a particular value of pump wavelength. At these points, the conjugate photon is group-velocity matched to the pump field; this is one condition required to create photon pairs in factorable states and hence high-purity heralded single photons. Fig. 1(c) illustrates a series of ∆k (+) = 0 contours as κ p2 is increased. It can be seen that κ p2 yields control over the curvature of the contour which can then be exploited for engineering the joint spectral distribution of the photon-pairs. This is discussed in greater detail in Section 4. Eventually as κ p2 is increased further, ∆k (+) = 0 collapses to a single point, at which degenerate photon pairs can be produced.
Pulse propagation model
We have modelled coupling-induced FWM in our system through a complete numerical solution to the generalised nonlinear Schrödinger equation including the coupling of the long wavelength pump to the bus waveguide B. The amplitude of each field in the FWM waveguide was governed by one of a series of coupled differential equations of the form:
where the subscript F denotes field P1, P2, S or I, and F' denotes the corresponding components of each field in the adjacent waveguide. The relations for phase modulation, Ψ F , and FWM, Φ F , are given by:
and
respectively. The equations were solved in the retarded frame of pump 2, with the group velocity of this field subtracted from the propagation of all pulses. Furthermore, the coefficients κ P1,S,I were assumed to be sufficiently small that coupling between the waveguides could be neglected at these wavelengths. We use the split-step Fourier method to propagate the broadband short-wavelength pump pulses launched into the fundamental mode of FWM waveguide (A) and CW long-wavelength pump light in any linear combination of the even and odd supermodes of both waveguides to study the effect this has on the growth of signal and idler fields.
We show an example case consisting of two identical telecom single-mode fibre cores pumped at λ p1 = 532 nm and λ p2 = 1550 nm producing degenerate pairs at λ s,i = 792 nm when κ p2 ≈ 46 × 10 3 m −1 . The coupling range over which amplification takes place was found by scanning the value of κ p2 , and is shown in Figure 2a . Hence we see that power transfer from the pumps to the signal and idler takes place over a range of values of κ p2 for which the coupling can compensate for a phase mismatch that would not otherwise allow efficient FWM to occur. When the even supermode is excited at the input of the system we observe no FWM growth as we are looking away from the phase matched FWM wavelengths (see Fig.1 ). On the other hand, when the odd supermode is excited at the input we observe exponential growth of the signal and idler. Finally, when an equal combination of the supermodes are excited at the input, we observe growth but at a reduced rate as only half the pump field has the correct propagation constant to achieve the target phase matching. In this case the two supermodes beat against one another giving a sinusoidal power transfer between the waveguides, leading to a staircase-like modulation to the FWM growth reminiscent of QPM in χ (2) materials.
Photon-pair state engineering
We now investigate in more detail how the flexibility of FWM in coupled waveguides may be exploited to engineer the two-photon state from spontaneous FWM. It has been shown that asymmetric waveguides may be used to create broadband directional couplers [26] , but here we focus on pairs of asymmetric waveguides to give a greater level of control over FWM phase matching. Identical waveguides will have a coupling strength that increases monotonically with wavelength (as long as the supermode remains well-localised to the region of the waveguides), however with two different waveguides, we can choose a particular wavelength that is phase matched and therefore strongly coupled while both shorter and longer wavelength experience much weaker coupling. We show how this can be used to engineer the joint spectrum of photon pairs.
Beginning from the interaction Hamiltonian,
i , we find the twophoton component of the state generated by FWM is given by: Fig. 2 . a.) FWM gain spectrum as a function of the coupling coefficient κ p2 , for three different launch conditions, even supermode (red), odd supermode (blue), and beating between odd an even (green). High gain is only achieved over a narrow bandwidth where the phase mismatch between the fields is compensated by the shift in propagation constants due to coupling between the waveguides at λ P2 . b.) Growth of the idler field as a function of length along the fibre; inset shows magnification of the growth for the case where the two supermodes beat against one another. Exponential growth is observed for perfect phasematching when the pump is launched in the odd supermode.
The joint spectral amplitude f (ω s , ω i ) is formed from the product of the pump function:
and the phase matching function:
Here we see that κ p2 enables us to compensate a non-zero phase mismatch ∆k, and that when the coupling is reduced to zero we recover the standard phase matching function. Furthermore, at any given pair of signal and idler wavelengths only one of the two possibilities, ∆k (+) = 0 or ∆k (−) = 0, will be satisfied and the other can be ignored. In addition to simple phase matching requirements, to produce factorable two photon states we also need control over the relative group velocities of the signal, idler, and pump fields. In our system of coupled waveguides, this can be achieved not only by adjusting the parameters of the individual waveguides to control the dispersion, but also through the dispersion in the coupling strength, κ(ω). In this section we show that an asymmetric system gives the flexibility required to achieve both phase-and group-index matching of the fields by varying the cross-section of each waveguide independently; this situation is illustrated in Fig. 3 . In order to model this accurately, we must consider the supermode dispersion of all four fields.
There is an additional advantage of the asymmetric system. Although the coupling at λ p2 must be strong to give sufficient influence over the supermode dispersion, in order to generate photon pairs in useful spatial modes it is important to ensure that the signal and idler are predominantly localised in one waveguide at the end of the device. If the detuning of λ s and λ i from λ p2 is large, this condition is satisfied straightforwardly as the signal and idler will remain in the same Fig. 3 . Schematic of the coupled asymmetric waveguides. The waveguides are formed of silicon on a silica substrate and sit on a silica pedestal 20nm high.
waveguide as the short-wavelength pump λ p1 . However, in the specific example contained here of pair-generation in silicon, all wavelengths must be greater than 1 µm yet we wish to generate pairs at telecoms wavelengths to access efficient single-photon detectors. Hence the detuning of the idler from λ p2 is not large and limiting the coupling at λ i presents a challenge. As we will show, this difficulty is mitigated by working with asymmetric waveguides.
Returning to coupled mode theory, we now consider a system of asymmetric waveguides in which the propagation constants of the even and odd supermodes at frequency ω j are given by:
, and the quantity ψ j = (β + j − β − j )/2 can be determined by the difference between the supermode propagation constants [27] . The spatial distribution of the electric field of the corresponding eigenmodes is approximated by:
where N j = ((δβ j ± ψ j )/−κ j ) 2 + 1 2 is a normalisation factor. These expressions can be used to design devices that satisfy phase matching for particular sets of pump, signal, and idler wavelengths. In general, energy conservation leads to strong anti-correlation between the frequencies of signal and idler, which is undesirable for heralded single-photon generation due to the commensurate requirement for tight spectral filtering to obtain high-purity heralded single photons. It has been demonstrated that two-photon states that are largely devoid of frequency correlation can be generated directly by satisfying constraints on the group velocities of the fields such that, in the degenerate-pump case, v g,s ≤ v g, p ≤ v g,i and pumping with broadband pulses.
Satisfying the conditions for high-purity single-photon generation places constraints on material use and device design, as the degrees of freedom available for engineering group velocity in a single waveguide are limited. In particular, for pair-generation in silicon waveguides it is typically not possible to achieve the requisite group-velocity matching required. However, the additional flexibility provided by our technique of coupling-induced FWM, which unlocks phase matching across a broader range of parameters, can enable group-velocity matching to be satisfied even in silicon waveguides. Nevertheless, to produce a spectrally factorable state, we must allow at least one pump field to be broadband. In order that the dispersion of coupling does not affect the long-wavelength pump, we elect to leave the long-wavelength pump monochromatic and use a pulsed short-wavelength pump. In this case, the requirement on the group velocities becomes v g,s ≤ v g, p1 ≤ v g,i .We demonstrate one such case in Figure 4 , for a system with parameters as detailed in Table 1 pumped at λ p1 = 1.265µm and λ p2 = 1.590µm. Fig. 4(a) shows the group index for the odd supermode of the structure as a function of wavelength. The points highlighted in red indicate the group index of the two pump fields, and the points in green indicate the group index of the signal and idler photons. In order for the process to result in a factorable state, the group index of one of the pumps must fall between the group indices of the signal and idler; this is reminiscent of the condition for factorable photonpair generation in parametric downconversion. We see that coupling-induced FWM enables GVM to be satisfied due to the presence of a local minimum in the group index near the signal wavelength followed by a local maximum near the idler. Fig. 4(b) illustrates the resulting joint spectral intensity with a pump bandwidth of σ p = 2nm and interaction length L = 15mm. The tight confinement of the short-wavelength pump means that the region of overlap between both pumps is in one waveguide only; hence the photon-pairs are generated in a single waveguide. The asymmetry between the waveguides limits the coupling of both signal and idler, and hence the photon pairs are delivered in a mode that is suitable for coupling to a single-mode waveguide or fibre.
Further discussion
While fulfilling the group-velocity matching condition eliminates the majority of frequency correlation from the two-photon state, the purity of the heralded single photons still remains limited by residual correlation due to the wings of the sinc phase matching function as seen in Fig. 4 . These appear due to the sharp boundaries of the interaction region in the direction of propagation; if the boundaries can be blurred the side lobes are suppressed, in analogy with the apodization of a telescope aperture. There exist a number of proposals and implementations of such techniques, for example by modulating QPM periods or gradually switching off nonlinearity by ion implantation in χ (2) materials, however no techniques exist to perform this apodization in integrated χ (3) devices.
The additional flexibility afforded by our bus waveguide enables the effective nonlinearity to be switched on and off smoothly by varying the depth of intensity modulation along the length of waveguide A. This could be achieved by detuning the coupling between the two waveguides, by increasing δβ or by reducing κ. This would amount to increasing the centre-to-centre separation of the guides or changing the width of the bus waveguide, while keeping the FWM phasemismatch ∆β must remain relatively constant.
So far, we have only considered the use of silicon waveguides on a silica substrate where the "cladding" on the remaining three surfaces is air. By including a capping layer of silica further control over the dispersion of the system could be achieved, and the same concepts could be applied to other χ (3) materials such as silicon nitride. Additionally, we have presented only one particular set of pump wavelengths and waveguide structural parameters; a broader study into different combinations of waveguide widths, heights, and separations together with appropriate pump wavelengths could lead to additional device functionality. Similar studies of the properties of couplers have made use of genetic algorithms in order to optimise the device design [28] ; similar techniques could be applied here.
Conclusion
In conclusion, we have presented a novel technique for phase matching nonlinear processes in optical waveguides. By introducing a second bus waveguide that is coupled to the generating guide we have shown that it is possible to have sufficient control over the supermode dispersion to target and phase match these processes at particular wavelengths. We have applied this technique to four wave mixing with a particular emphasis on the process of spontaneous generation of high purity heralded single photons at telecom wavelengths in silicon waveguides. By using the extra degree of flexibility afforded by the introduction of the second waveguide we have been able to simultaneously phasematch FWM but also group-velocity match the pump, signal, and idler. We have also briefly outlined a possible route by which the remaining spectral correlations between signal and idler photons could be removed by apodising the nonlinearity through the structure of the coupled system, which is not a possibility in current silicon quantum photonics platforms.
